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Abstract. For any n > 3, we construct a family of finite dimensional irre- 
ducible representations of the braid group B„. Moreover, we give necessary 
conditions for a member of this family to be irreducible. In particular we give a 
explicitly irreducible subfamily {<prn, Vm), 1 < m < n, where dim Vm ~ 
The representation obtained in the case m = 1 is equivalent to the standard 
representation. 



1. Introduction 

The braid group of n strings B„ , is defined by generators and relations as follows 



^= {rkTj = TjTk, if \k - j\ > 1; TkTk+iTk = Tk+iTkTk+i l<fc<n-2} 

We will consider finite dimensional complex representations of B„; that is pairs 
(0, V) where 

: B„ -> knt{V) 

is a morphism of groups and y is a complex vector space of finite dimension. 

In this paper, we will construct a family of finite dimensional complex repre- 
sentations of B„ that contains the standard representations. Moreover, we will 
give necessary conditions for a member of this family to be irreducible. In this 
way, we can find explicit families of irreducible representations. In particular, we 
will define a subfamily of irreducible representations (^mj^i), 1 < m < rt, where 
divaVra = (^) and the corank of is equal to ■ 

This family of representations can be useful in the progress of classification of 
the irreducible representations of B„. As long as we known, there are only few 
contributions in this sense, some known results are the following ones. Formanek 
classified all the irreducible representations of B„ of dimension lower than n [2]. 
Sysoeva did it for dimension equal to n [5]. Larsen and Rowell gave some results 
for unitary representation of B„ of dimension multiples of n. In particular, they 
prove there are not irreducible representations of dimension n + 1. Levaillant proved 
when the Lawrence-Krammer representation is irreducible and when it is reducible 
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2. Construction and Principal Theorems 

In this section, we will construct a family of representations of B„ that we believe 
to be new, and we will obtain a subfamily of irreducible representations. 

We choose n non negative integers Zi, Z2, ■ ■ ■ , Zn, not necessarily different. Let X 
be the set of all the possible n-tuples obtained by permutation of the coordinates 
of the fixed n-tuple {zi,Z2, ■ ■ ■ , Zn)- For example, if the Zi are all different, then the 
cardinality of X is n!. Explicitly, if n = 3, 

X = {(-21, 2:2,^3), (2:1,^3, Z2), {Z2, 2^1,^3), (^2,2^3,^1), (2:3,^1, 2:2), (^3, 2^2,-21)} 

Or if zi = Z2 = 1 and Zj = for all i = 3, . . . , n, then the cardinality of X is 
(^) = liilL^. Explicitly, forn = 3 

X = {(1,1,0), (1,0,1), (0,1,1)} 

Let F be a complex vector space with orthonormal basis (3 = {vx ■ x G X}. 
Then the dimension of V is the cardinality of X . 
We define : B„ — Aut{V), such that 

where qxk,xk+i is a non-zero complex number that depends on a; = (xi, . . . , a;„), 
but, it only depends on the places k and A; + 1 of a;; and 

ak{xi, ...,Xn) = {Xi, . . . ,Xk-l,Xk+l,Xk,Xk+2, ■■■,Xn) 

With this notations, we have the following theorem. 

Theorem 2.1. (0, V^) is a representation of the braid group IB„. 

Proof. We need to check that (j){Tk) satisfy the relations of the braid group. We 
have fov j ^ k — l,k,k + 1 that 

(t>{Tk)(l>{Tj){Vx) = <?i(Tfe)(gx,-,x, + i%(x)) = gx,-,x, + ig'xfc,Xfc+i^^(7fe<T,(x) 

On the other hand 

(t>{Tj)(f>{Tk){Vx) = (t>{Tj){qxk,Xk+i-"aU^)) = 9x,,x,+i9x,-,x, + iW<T,<7fc(x) 

As akCTj{x) = OjOkix), if \j - fc| > 1, then (t>{Tk)4>{Tj) = 4>{Tk)(l>{Tj) if \j - fc| > 1. 
In the same way, we have 

(l){Tk)(l){Tk+l)(l}{Tk){Vx) = (l){Tk)<j){Tk+l){qxk,Xk+i'"ak{x)) 

,Xk + lQxk ,Xk+2 ^CTfe+l CTfe (x) ) 
= 9xfe,Xfe+i9xfc,X|i+2 9xfc + i,Xfe+2'^CrfcO-fe + l<7fe(x) 

Similarly, 

<l>{Tk+l)(l>{Tk)^{Tk+l){Vx) = 4>{Tk+l)<t'{Tk){qxk+uXk+2 

= 4'{Tk + l){qXk + l,Xk + 2^ixk ,2;fc + 2^tTfcO-fc+l (x)) 

= qxk+i,x,c-i-2lxk,Xk + 2lxk,Xk + i'*^crk + i'7k<^k + l(x) 

As akCTk+icr k{x) = ak+iCTkcr k+i{x) ^ for ah k and x G X, then <t){Tk)4){Tk+i)<t>{Tk) = 
4>{Tk+i)(t>{Tk)(l){Tk+i) for all k. □ 
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As (3 is an orthonormal basis, we have that, 
then, 

{(j){Tk))* {V.^) = 

therefore, </)(Tfc) is self-adjoint if and only if gx^+i.^fc = feT^^I^T fo'^ x £ X. In 
particular, if Xk = Xk+i then gxt^x^+i is a real number. In the same way, (j){Tk) is 
unitary if and only if \qxk-Xk+i P = 1 for cc G X. 

Now, we will give a subfamily of irreducible representations. 

Theorem 2.2. // 0(Tfc) is a self-adjoint operator for all k, and for any pair x,y £ 
X, there exists j , 1 < j < n — 1, such that l^xj, 2:^+1 1^ 7^ \<lyj,yj+i\'^ , then (0,1^) is 
an irreducible representation of the braid group B„. 

Proof. Let C be a non-zero invariant subspace. It is enough to prove that 
W contains one of the basis vectors v^. Indeed, given y £ X, there exists a per- 
mutation a of the coordinates of x, that sends x to y. This happens because the 
elements of X are n-tuples obtained by permutation of the coordinates of the fixed 
n-tuple (zi, . . . , Suppose that cr = ct^j . . . cri, , then r := r^^ . . . , t^, satisfies that 
4'{t){'>^x) = ^Vy, for some non-zero complex number A. Then W contains Vy and 
therefore, W contains the basis (3 = {vx '■ x £ X}. 

As 0(Tfc) is a self-adjoint operator, it commutes with Pw, the orthogonal pro- 
jection over the subspace W. Therefore, ((/)(rfe))^ commute with Pw- On the other 
hand, note that {(t){Tk))'^ (vx) = \qxk,xk+i\'^Vx, hence, (0(Tfe))^ is diagonal in the ba- 
sis (3 = {vx ■ X £ X}. Then, the matrix of Pw has at least the same blocks than 
(0(rfe))2 for all fc, 1 < fc < n - 1. 

If for some k, the matrix of ((/)(ta;))^ has one block of size 1x1, then the matrix 
of Pw has one block of size 1x1. In other words, there exists x £ X such that Vx 
is an eigenvector. If the eigenvalue associated to Vx is non-zero, then Vx £ W. 

It rest to see that the matrix of (0(Tfe))^ has all its blocks of size 1x1. By 
hypothesis, for each pair of vectors in the basis /3, Vj. and Vy, there exists A:, 1 < 
k < n — 1, such that |<Zxfc.Xfc+iP / kafc.yt+iP- Fix any order in X and let x and 
y the first and second element of X. Then there exists k such that Vx and Vy are 
eigenvectors of (0(Tfc))^ of different eigenvalue. Hence (0(Tfc))^ has the first block 
of size 1x1. As {4>{Tj)Y commute with ((/"(Tfe))^ for all j', {4){Tj)Y also has this 
property. 

By induction, suppose that for all j (0(Tj))^ has its r — 1 first blocks of size 
1x1. Let x' ,y' the elements r and r + 1 of X, then there exists k' such that Vx' 
and Vyi are eigenvectors of ((/)(t/c/))^ of different eigenvalue. Hence, {4>{Tk')Y has 
the r block of size 1x1. Therefore (0(Tj))^ too because it commute with ((/i(Tfc'))^, 
for all j. Then we obtain that all the blocks are of size 1x1. 

□ 

Note that if the numbers qxk,Xk+i ^^^^ equal and \X\ > 1, then (p is not 
irreducible because the subspace W , generated by the vector v — 'Yl,x<^x '^x, is an 
invariant subspace. 

2.1. Examples. We are going to compute some explicit examples of this family 
of representations. We will show that the standard representation ([S], [5]) is a 
member of this family. 
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2.1.1. Standard Representation. Let zi = 1 and Zj = for all j = 2, . . 



Then 



the cardinality of X is n and dimy = n too. For each x G X, let qx^^x^+i ~ 
1 + {t — l)xk+i, where t 7^ 0, 1 is a complex number. Therefore : ]B„ — > Aut(V), 
given by (l){Tk)vx = <lxk,xk+i'^ak{x)^ is equivalent to the standard representation p, 
given by 

/ 1 \ 
1 



P{T-k) 



t 

1 



V 



1 / 

where t is in the place (fc, A: + 1). In fact, if {f3j : j = 1, . . . , n} is the canonical basis 
of C", and if xj is the element of X with 1 in the place j and zero elsewhere, define 

a : C" ^ V 

Then a{p{Tk){l3j)) = 4'{Tk){a{(3j)) for all j = 1, . . . , n. Hence the representations 
are equivalent. 

2.1.2. Example. Let zi,...,Zn G {0,1}, such that zi = Z2 
Zm+i = ■ ■ ■ = Zn = 0. Then the cardinality of X is ( ^ ) = 
vector space with basis = {vj. : x G X}, then dimy„ 
For each x := {xi, . . . , a;„) G X, let 



m!(n— m)! 
m!(ri— m)! * 



: Zto = 1 and 
. If Vrr,, is the 



if Xk = Xk+i 
if Xk / Xk+i 



where t is a real number, tj^O,l,—l. 
We define '■ B„ Aut(V^), given by 

<i>m.{Tk)Vx = Qxk,Xk+iVak{x) 

For example, fixing the lexicographic order in X, if n = 5 and ro = 3, then dim Vm 
10, the ordered basis is 

/3 := {^'(0, oa, 1,1)' "^(0,1,0,1,1)1 ^^(04, 1,0,1) ' ^(0,1,14,0), ^'(i, 0,0, 14)' 
^^(1, 0, 1,0,1)' ^'(1, 0,1, 1,0)' 1^(1,1,0,0,1)' 1^(1,1,0,1,0)' ^'(1, 1,1,0,0)} 
and the matrices in this basis are 



/ 1 



5(ri) 



1 / 
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/ 

t 







t 



t 





t 



1 / 



/ 1 



03(7-3) 



/ 1 



t 

/ 

\ 



V 

With this notation, we have the following results, 



1 / 



Theorem 2.3. Let n > 2, then 
for all 1 < m < n. 



,Vm) is an irreducible representation of] 



Proof. We analyze two cases, n ^ 2m and n = 2m. Suppose that n ^ 2m. Let 



such that 



If j > 1, we 

2 



X ^ y £ X , then there exists j, 1 < j < n 

may suppose that xj-i = yj-i, then qxj_i,Xj ^ %j-i,Vj, therefore \qxj_i,xX 
\lys-i,yj 1^- If j = 1' ^'^'1 7^ 2to, there exists / = 2, . . . , n such that xi^i ^ yi-i 
and xi — yi, then ^ ^ \lyi-i,yi Then, by theorem l2.2i is an irreducible 

representation. 

Note that if n = 2m, = (1, • • ■ , 1, 0, . . . , 0) and t/q = (0, ■ • • , 0, 1, . . . , 1) satisfy 
7^ 2/0 but qxj_i,xj — %j-i,yj for all j. So, we can not use theorem 12.21 But 
in the proof of the theorem, we really use that x and y are consecutive in some 
order. Considering the lexicographic order, xq and j/o are not consecutive. In 
general, for each x <E X, there exists yx ^ X such that qxj,xj+i = qyj,yj+i for all 
j = — 1. We define yx changed in x the zeros by ones and the ones by 

zeros. For example, if x = (1, 0, 0, 1, 0, 1), then yx = (0, 1, 1, 0, 1, 0). However, only 
X = (0, 1, . . . , 1, 0, . . . , 0) satisfies that yx is consecutive to a;. Therefore Pw, the 
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projection on the invariant subspace W, has its blocks 1x1, except the block 2x2 
associated to {vx,Vy^}. If some block 1 x 1 of Pw is non-zero, then Pw contains 
some vij, of the basis (3m- Hence W = Vm- On the other case, W C {vx,Vy_^}. 
If the equality holds, & W and W = Vm- Suppose that W is generated by 
V ^ avx + bvy^, with a, 6 ^ 0. But (j)m{Ti)v t{av^^(^x) + bv^^i^y^)), with ai{x) ^ x, 
'^liVx) 7^ Ux and ai{x) ^ yx (if n > 2). Therefore 0(ri)w ^ Aw, for all A G C. This 
is a contradiction because W is an invariant subspace. □ 

The corank of a finite dimensional representation of B„ is the rank of {<j){Tk) — 
1). This number does not depend on k because all the are conjugate to each 
other (see p. 655 of [1]). 

Theorem 2.4. If n > 2 and 1 < m < n, then {(IfmTVm) an irreducible represen- 
tation of dimension ( " ) and corank -, ^("~^)' — 

•I V m / (m— l)!(n — m— 1)! 

Proof- By theorem before, {(pm, Kn) is an irreducible representation. The dimension 
of (j) is the cardinality of X , then 

dimKn = (") 



■m\(n — to)! 

We compute the corank of (pm- Let x ^ X such that cr^ix) = x, then X]^ = cc^+i 
and qxk,xk+i = 1- Therefore 4>m,{Tk)ivx) — Vx- Hence the corank of 0™ is equal to 
the cardinality oiY = {x^X: (Jk{x) ^ a;}. But it is equal to the cardinality of X 
minus the cardinality oi {x ^ X : Xk — Xk+i ^ or Xk = Xk+i = 1}. Therefore 

N w / N ri\ ("-2)! ("-2)! 

COrk{(t>m) = rk{(j)m[Tk) - 1) = — TT 77 TT ^ " 7 ^777 77 

TO!(n — TOj! m\[n — m — 2)] [m — 2)\[n ^ m)\ 

2(n-2)! 
(to — l)!(n — TO — 1)! 

□ 

In the example n = 5 and to = 3, we have that cork{(j)m) = 6. 

Note that if to = 1, the dimension of (j)m is n and the corank is 2. Therefore 4>i 
is equivalent to the standard representation, because this is the unique irreducible 
representations of B„ of dimension n [5] . 
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